After the discovery of the standard-model-like Higgs boson at the LHC, the structure of the Higgs sector remains unknown. We discuss how it can be determined by the combination of direct and indirect searches We demonstrate how the pattern of deviations can be different among various Higgs sectors which predict the electroweak rho parameter to be unity; such as models with additional an isospin singlet, a doublet, triplets or a septet. We conclude that as long as the gauge coupling constant of the Higgs boson slightly differs from the standard model prediction but is enough to be detected at the LHC and its high-luminosity run or at the International Linear Collider, we can identify the non-minimal Higgs sector even without direct discovery of additional Higgs bosons at the LHC.
I. INTRODUCTION
The new particle discovered at the LHC in 2012 was identified as a Higgs boson [1] . With the current LHC data, its measured properties are consistent with those of the Higgs boson in the Standard Model (SM) [2] [3] [4] . On the other hand, so far, no evidence for new physics beyond the SM has been found directly at the LHC. Therefore, our standard picture for high energy particle phenomena, which is based on the gauge theory with spontaneous symmetry breaking, seems successful.
However, it has been well known that the Higgs sector in the SM is problematic from the theoretical viewpoint. First of all, the existence of the scalar boson causes the hierarchy problem [5] [6] [7] , so that many physicists try to understand the essence of the Higgs boson, e.g., elementary or composite particle. In order to solve the hierarchy problem, several scenarios for the new paradigm have been introduced such as supersymmetry, dynamical symmetry breaking and extra dimensions.
Each of them gives a different answer for the question of essence of the Higgs boson. Second, there is no principle for the structure of the Higgs sector, so that the minimal Higgs sector adopted in the SM is just an assumption. There are many possibilities of non-minimal Higgs sectors with additional scalar fields such as singlets, doublets and triplets. A model based on the above-discussed paradigms can predict the specific structure and property of the Higgs sector. For example, the minimal supersymmetric SM (MSSM) predicts the Higgs sector with two isospin doublet scalar fields [8, 9] . In addition, non-minimal Higgs sectors can also be introduced in new physics models to explain the origin of neutrino masses, the existence of dark matter and baryon asymmetry of the Universe, et cetera, which cannot be explained in the SM. Each new physics model predicts a characteristic structure for the Higgs sector. Therefore, if the Higgs sector is determined by experiments in future, the new physics scenario can be selected from many candidates.
To probe the extended Higgs sectors, the simplest way is to directly search for additional Higgs bosons such as the second scalar boson. By measuring its properties; e.g., the mass, the electric charge, the spin and the parity, important information to reconstruct the Higgs sector can be extracted. Non-observation of the second Higgs boson gives the experimental constraint on the parameter space in the Higgs sector. Current bounds from searches for additional Higgs bosons at the LHC with the collision energy of 7 and 8 TeV can be found in Refs. [4, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In addition to the direct search results, precision measurements of various low energy observables can be an indirect search for extended Higgs sectors, since the existence of additional Higgs multiplets can affect them. The electroweak rho parameter defined in terms of the masses of the W boson m W and the Z boson m Z , and the weak mixing angle θ W by
is one of the most important tools to constrain the structure of the Higgs sector, whose experimental value is very close to unity; i.e., ρ exp = 1.0004
+0.0003
−0.0004 [20] . In the SM, the rho parameter is predicted to be unity at the tree level. In general, in extended Higgs sectors, predicted values for the rho parameter can deviate from unity. In the Higgs sector with arbitrary number of scalar fields φ i (a hypercharge Y i and an isospin T i ) with vacuum expectation values (VEVs) v i , the rho parameter is calculated at the tree level by [9] 
From Eq. (2), an additional VEV of a Higgs field satisfying with T i (T i + 1) − 3Y 2 i = 0 does not change the value of the rho parameter from the SM 1 . A VEV of a Higgs multiplet without satisfying the above equation; e.g., a triplet Higgs field, deviates ρ tree from unity, so that we need finetuning for such a VEV to avoid the constraint from ρ exp . However, even if the above equation is not satisfied, by allowing an alignment among VEVs, we can keep ρ tree = 1. The simplest realization is known as the Georgi-Machacek (GM) model [22] whose Higgs sector is composed of additional real and complex triplet fields with Y i = 0 and Y i = 1, respectively.
The above discussion is very useful to discriminate extended Higgs sectors. However, the rho parameter has been measured quite precisely, so that we need to take into account quantum effects to the rho parameter. Let us discuss how the rho parameter is modified at the one-loop level.
The deviation of the rho parameter from unity measures the violation of the custodial SU (2) V symmetry [5, 7, 23] in the sector of particles in the loop 2 . For example, in the Yukawa Lagrangian, the custodial symmetry is broken by the mass splitting between the top and bottom quarks. As a result, the deviation of the rho parameter from unity ∆ρ ≡ ρ − 1 due to the loop contribution of the top and bottom quarks takes a form of ∆ρ ∝ (m t −m b ) 2 . In fact, since m t ≫ m b , there remains 1 Although there are infinite number of solutions for the above equation, larger isospin representation fields cause violation of perturbative unitarity [21] . Therefore, only the three possibilities can be substantially considered; i.e., isospin singlets with Yi = 0, doublets with Yi = 1/2 and septets with Yi = 2. The next possibility to the septet representation is isospin 26-plet with Yi = 15/2. 2 In models with ρtree = 1, we need a different prescription for the calculation of the radiative corrections to the rho parameter from that in models with ρtree = 1, because of an additional input parameter in the electroweak sector. In the Higgs sector with a real triplet Higgs field with Y = 0, one-loop corrections to the rho parameter have been calculated in Refs. [24, 25] . That has been applied to the Higgs sector with a complex triplet Higgs field with Y = 1 in Refs. [26, 27] . In the GM model, although ρtree = 1 can be satisfied, similar prescription in models with ρtree = 1 is necessary due to the VEV alignment [28] .
m 2 t dependence in ∆ρ. On the other hand, the Higgs potential in the SM respects the custodial symmetry, so that the Higgs boson loop contribution is at most the logarithmic dependence of the Higgs boson mass through the hypercharge gauge interaction. However, in general, the custodial symmetry is broken in extended Higgs sectors. For example, in two Higgs doublet models (THDMs), the mass splitting between singly-charged Higgs bosons and a CP-odd Higgs boson gives a quadratic mass dependence similarly to the top and bottom quark contributions in ∆ρ [29] [30] [31] . Therefore, a sizable amount of the mass difference has already been excluded [32, 33] . In the above way, we can take bounds on various physical parameters by comparing precisely measured observables with theory predictions with radiative corrections.
Experimental data for flavor changing neutral current (FCNC) processes such as K 0 L → µ + µ − and the B 0 -B 0 mixing strongly constrain extended Higgs sectors with multi-doublet structures.
The way to avoid such dangerous FCNC processes at the tree level is to assign a different quantum number for each Higgs doublet. Consequently, each quark or lepton can obtain its mass from only one Higgs doublet just like in the SM, and therefore the model escapes FCNC processes at the tree level. In the THDM, for example, this can be achieved by imposing a discrete Z 2 symmetry to the model [34] as the simplest way, which can be softly-broken in the potential. There are four independent types of Yukawa interactions under the Z 2 symmetry [35] [36] [37] How can we explore extended Higgs sectors? It is important to understand that in general, a new scale M is introduced in extended Higgs sectors, which is irrelevant to the VEV of the Higgs boson. When M is much larger than the TeV scale, the mass of the second Higgs boson is approximately given by M . In this case, the second Higgs boson is too heavy to be discovered directly at the LHC. In addition, the indirect effect of new particles decouples from the low energy observables [44] such as the coupling constants of the discovered Higgs boson. However, if M is as high as the TeV scale, there can be two possibilities in searches for additional Higgs bosons.
The first possibility is that the second Higgs boson can be discovered directly at the LHC. In this case, the properties can be directly measured at the LHC, and the useful information to determine the structure of the Higgs sector can also be obtained at the High Luminosity (HL)-LHC [45-47].
3 The Type-X (Type-Y) THDM is referred to as the Type-IV (Type-III) THDM in [35] , Type-I' (Type-II') THDM in [36, 37] and the lepton-specific (flipped) THDM in [39] [40] [41] . Because the term "Type-III" is sometimes used for the THDM with tree-level FCNCs [42] , we adopt the terms "Type-X" and "Type-Y" to avoid confusion. 4 If we introduce right-handed neutrinos, four more types of Yukawa interactions can be defined. In particular, if one of the two doublets gives Dirac neutrino masses, and another one gives masses of all the other fermion, it is known as the neutrino-philic THDM [43] .
The second possibility is that it cannot be discovered directly, but its indirect effect on the Higgs couplings can be significant and thus detectable by precision measurements at the HL-LHC and at the International Linear Collider (ILC) [48] . [51] [52] [53] [54] [55] [56] after the discovery of the Higgs boson. The complementarity of additional Higgs boson searches at the LHC and at the ILC is recently discussed in Ref. [57] .
In this paper, we discuss how the structure of the Higgs sector can be determined at the LHC and at the ILC. In particular, we shed light on complementarity of direct searches of additional Higgs bosons at the upcoming 13 TeV or 14 TeV run of the LHC and precision measurements of the coupling constants of the discovered Higgs boson at future collider experiments. We consider extended Higgs sectors which satisfy ρ tree = 1 without predicting FCNCs at the tree level; i.e., the THDM with the softly-broken Z 2 symmetry, the Doublet-Singlet model [58] , the GM model [22] and the Doublet-Septet model [59] [60] [61] . For the THDM, we discuss the four types of Yukawa interaction. We at first give a detailed explanation for properties in the THDMs such as the decay the ILC is discussed in Section IV. Conclusion is summarized in Section V.
II. THE TWO HIGGS DOUBLET MODEL
A. Lagrangian
The Higgs potential of the THDM under the softly-broken Z 2 symmetry to avoid FCNC at the tree level and the CP invariance is given by [9, 41, 63, 64 ]
where Φ 1 and Φ 2 are the isospin doublet scalar fields with Y = 1/2 whose Z 2 transformation is given as Φ 1 → +Φ 1 and Φ 2 → −Φ 2 . The two Higgs doublet fields can be parameterized as
where v 1 and v 2 are the VEVs of two doublet fields. They are related to the Fermi constant
The ratio of the two VEVs is defined as tan β = v 2 /v 1 .
The mass eigenstates for the scalar bosons are obtained by the following orthogonal transfor- 
withλ ≡ λ 3 + λ 4 + λ 5 . We define the range of β − α to be [0, π/2] or [π/2, π], in which for a given positive value of sin(β − α), cos(β − α) is positive or negative, respectively.
The Yukawa Lagrangian under the Z 2 symmetry is given by
Type-I cos α/ sin β cos α/ sin β cos α/ sin β sin α/ sin β sin α/ sin β sin α/ sin β cot β − cot β − cot β Type-II cos α/ sin β − sin α/ cos β − sin α/ cos β sin α/ sin β cos α/ cos β cos α/ cos β cot β tan β tan β Type-X cos α/ sin β cos α/ sin β − sin α/ cos β sin α/ sin β sin α/ sin β cos α/ cos β cot β − cot β tan β Type-Y cos α/ sin β − sin α/ cos β cos α/ sin β sin α/ sin β cos α/ cos β sin α/ sin β cot β tan β − cot β 
where P L,R = (1 ∓ γ 5 )/2, and the factors ξ 
where
. After taking the same rotation of the scalar bosons given in Eq. (5), the Higgs-Gauge-Gauge type terms are expressed by
Here, we comment on two important limits; the SM -like limit and the decoupling limit [63] which are realized by taking sin(β − α) → 1 and M 2 → ∞, respectively. In the former limit, as seen in Eqs. (14), (15) and (16), the strength of the Yukawa interaction and the gauge interaction of h become the same as in the SM. We thus define h as the SM-like Higgs boson which should be identified as the discovered Higgs boson with the mass of around 126 GeV, and all the other
Higgs bosons H ± , A and H are regarded as the additional Higgs bosons. On the other hand, in the decoupling limit, all the masses of additional Higgs bosons become infinity as long as we take the SM-like limit. As a result, only the mass of h remains at the electroweak scale.
If we consider the case without the SM-like limit, we cannot take the decoupling limit. This can be seen by looking at Eq. (9) which tells us that in order to keep a fixed non-zero value of tan 2(β − α), we need sizable contributions from M 2 11 and M 2 12 to cancel a large value of M 2 22 by the M 2 term in Eq. (11). However, as seen in Eqs. (10) and (12), M 2 11 and M 2 12 are given like a form of λ i v 2 , so that too large these terms make λ coupling constants too large, which are disfavored by the constraints from perturbative unitarity [65, 66] . Therefore, there is an upper limit for the mass of additional Higgs bosons when we retain the deviation from the SM-like limit.
B. Vacuum Stability and Unitarity
In order to keep a stability of the vacuum, the Higgs potential should be bounded from below in any directions with a large value of scalar fields. The sufficient condition is given by [67] 
In addition, the magnitude of several combinations of the quartic Higgs coupling constants are constrained by unitarity. When we consider the elastic scatterings of 2 body boson states, there are 14 neutral, 8 singly-charged and 3 doubly-charged channels. After the diagonalization of the T matrix for the S-wave amplitude of these processes, we obtain the following 12 independent eigenvalues [66] as
For each eigenvalue, we impose the following criterion
As we mentioned in the previous subsection, the unitarity and vacuum stability bounds can be used to obtain the upper limit on the mass of additional Higgs bosons when sin(β − α) deviates from unity. We introduce the scaling factor κ V defined by the ratio of the hV V coupling constant to the corresponding SM value, which coincides with sin(β − α) at the tree level. In Fig. 1 , we
show the upper limit of m A from the unitarity and vacuum stability bounds for given values of 1 − κ V and tan β. To avoid the constraint from the rho parameter, we take m H + = m A in these plot, so that the one-loop corrections to the rho parameter from the additional Higgs boson loops become zero due to the custodial symmetry in the Higgs potential [29] [30] [31] [32] [33] . The other dimensionfull parameters m H and M are scanned over the range of m A ± 10 GeV. The result does not change so much even if we take a large range. The left and right panels show the cases with cos(β − α) > 0 and cos(β − α) < 0, respectively. It is seen that the maximal allowed value of m A is getting larger when the deviation in κ V from unity is getting small. Therefore, larger deviations in the hV V coupling constant give a severe upper bound on masses for additional Higgs bosons.
In Fig. 2 , we show the tan β dependence of the upper limit of m A from the unitarity and vacuum stability bounds for a given value of 1 − κ V . The other parameters are taken to be the same as in Fig. 1 . In the left panel, the left side of the curve from the peak is drawn by the bound from vacuum stability, in which λ 2 has a negative value, while the right side of the curve is determined from unitarity. On the other hand, the plateau seen in the right panel is drawn by the bound from vacuum stability, where λ 1 has a negative value. The curve seen in the right side is determined from unitarity similar to the left panel. We can see that bounds from unitarity and vacuum stability are more severe in the case of cos(β − α) < 0 as compared to those in the case of cos(β − α) > 0.
C. Decay of the Higgs Bosons
In this subsection, we discuss the decays of Higgs bosons with the four types of Yukawa interaction in the THDM. The decay property can be drastically different between the case with sin(β − α) = 1 and that with sin(β − α) = 1 [38] . When the SM-like limit is taken, the additional Higgs bosons can dominantly decay into a fermion pair whose decay branching ratio strongly depend on the type of Yukawa interactions and tan β. On the other hand, when we take sin(β − α) = 1, H can decay into the gauge boson pairs W + W − and ZZ, and the SM-like Higgs boson pair hh, where these decay rates are proportional to cos 2 (β − α). At the same time, H ± and A can decay into W ± and Z associated with the SM-like Higgs boson h whose decay amplitudes are also proportional to cos(β − α) [51] [52] [53] 68] .
In order to calculate the decay rates, we use the following inputs from Particle Data Group [20] 
The running quark masses at the scale of m Z are quoted from Ref. [69] as
The mass of the SM-like Higgs boson h is taken to be 126 GeV in the following calculations.
All the other parameters shown in Eq. (25) are quoted from PDG [20] . We note that the effects of Cabibbo-Kobayashi-Maskawa matrix elements V cb and V ts appear in the H ± → cb and H ± → ts decays. For simplicity, we take all the masses of additional Higgs bosons to be the same; i.e., 
In that case, there are four free parameters in the Higgs potential, which are chosen as m Φ , M 2 , tan β and sin(β − α).
We here comment on the H ± → W ± Z and H ± → W ± γ processes. The H ± W ∓ γ vertex is obtained at the one-loop level whose magnitude is suppressed due to the U (1) em gauge invariance.
This nature does not depend on a model. On the other hand, in the THDM, although the H ± W ∓ Z vertex appears at the one-loop level, it can enhance if there is a large violation of the custodial symmetry. As we discussed in Introduction, the mass splitting between the top and bottom quarks breaks the custodial symmetry, and it gives the (m t − m b ) 2 dependence in the one-loop corrected rho parameter. Similar effect appears in the H ± W ∓ Z vertex [70] . In addition, when the mass splitting between H ± and A is given, which breaks the custodial symmetry in the Higgs potential, the H ± W ∓ Z vertex can be enhanced due to the (m H + − m A ) 2 dependence. In Ref. [71] , full oneloop calculation of the H ± W ∓ Z vertex have been done. It has been shown that the branching ratio of H ± → W ± Z can be O(10 −2 ) in the case of m H + = 300 GeV when the mass splitting between H ± and A is taken to be O(100) GeV. In the following calculation, we assume m H + = m A , so that only the top and bottom quarks loop contribution to the H ± → W ± Z vertex is important.
In this case, typical values of the branching fractions of H ± → W ± Z and H ± → W ± γ are smaller than O(10 −3 ) and O(10 −5 ), respectively 7 . We thus safely neglect these modes in the following calculation.
First, we show the total widths for H, A and H ± in Fig. 3 as a function of tan β in the case of sin(β − α) = 1. The solid (dashed) curves show the results with m Φ = M = 200 (400) GeV. Except
7 If the Higgs sector contains exotic Higgs fields whose isospin is larger than 1/2, the H ± W ∓ Z vertex appears at the tree level [72] . The magnitude depends on VEVs from exotic Higgs fields which are usually severely constrained by the rho parameter. In the GM model and in the Doublet-Septet model, such a VEV can be taken as O(10) GeV. Therefore, measuring the H ± W ∓ Z vertex can be a probe of exotic Higgs sectors. The feasibility study for the measurement of the vertex has been performed in Refs. [73] at the LHC and in Ref. [74] at the ILC. in the Type-I THDM, the widths have a minimum in a certain value of tan β, because the sum of the decay rates of fermion pair mode are given by terms proportional to cot 2 β, tan 2 β and those without tan β dependence. In the Type-I THDM, all the decay rates with the fermion pair final state are suppressed by cot 2 β, so that the tan β dependence of the widths is monotonic decrease.
In the Type-X THDM, all the widths for H, A and H ± approach roughly the same value in the high tan β region for a fixed value of m Φ . This can be understood in such a way that the decay rate of H ± → tb mainly deviates the width of H ± from that of H and A, which can be neglected in the high tan β region in the Type-X THDM. In the Type-I THDM, although the decay rate of H ± → tb is suppressed as in the Type-X THDM, all the other fermion pair decay modes are also suppressed at the same time. Therefore, the H ± → tb decay is not negligible in the Type-I THDM, and then it deviates the width of H ± from that of H and A.
In Fig. 4 , we show the decay branching fractions of H (top panels), A (middle panels) and H ± It is seen that only in the Type-X THDM, H and A can mainly decay into τ + τ − in the case of tan β 3. Besides, H and A can also decay into µ + µ − with about 0.3% in the Type-X THDM.
Regarding the H ± decay, although the main decay mode is basically tb in all the types, that is replaced by H ± → τ ± ν in the Type-II and Type-X THDMs with tan β 7.
Similarly, Fig m H = m A , only the difference between the decay rate of H → ff and that of A → ff appears in the power of the phase space factor; i.e., that is the cubic (linear) power for H (A) [9] . Thus, the decay rate of A → ff is slightly larger than that of H → ff. Moreover, the decay rates of loop induced modes such as the decays into gg, γγ and Zγ are different between H and A, because of the CP-property.
Next, we show the branching fractions in the case without taking the SM-like limit; e.g., sin(β − α) = 0.99. In this case, the sign of cos(β − α) can affect decay properties for the CP-even Higgs bosons, so that we consider both the cases with cos(β − α) < 0 and cos(β − α) > 0.
In 
From studied in Ref. [54] , and the testability of the sign of Yukawa couplings has been investigated at a future linear collider in Ref. [55] .
The branching fractions for the additional Higgs bosons are also shown in GeV, the H → hh mode is kinematically allowed whose decay rate is proportional to cos 2 (β − α).
This can be the main decay mode as we can see in the top panels in Fig 8. We comment on the case without degeneracy in mass of the additional Higgs bosons. In that signatures from H → AZ and A → HZ decays have been studied at the LHC in Ref. [53] .
III. DIRECT SEARCH FOR ADDITIONAL HIGGS BOSONS AT THE LHC
At the LHC with the collision energy to be 7 and 8 TeV, so far, there is no report for a discovery of new particles other than a Higgs boson, and only exclusion bounds for masses of hypothetical particles are obtained.
First of all, we review the current bounds on parameter space in the THDMs from 7 and 8 TeV data at the LHC. The signal of neutral Higgs bosons in the τ + τ − decay mode has been searched for in the inclusive production and bottom-quark associated production processes [10, 11] . For the Type-II THDM, bounds on tan β have been obtained for given values of m A , e.g., tan β 10 for m A = 300 GeV and tan β 40 for m A = 800 GeV [11] . In addition, the searches for the bb decay of neutral Higgs bosons in the bottom-quark associated process have been performed [12] . The bb decay mode gives a rather weaker bound on tan β than the τ + τ − decay mode. These bounds can be used to constrain parameter regions in both the Type-II and Type-Y THDMs. In the following, we discuss expected excluded regions on the m A -tan β plane at the LHC with the collision energy to be 14 TeV. We first focus on the search for H and A by using the tau decay from the gluon fusion and bottom quark associate production processes as
where φ 0 = H or A. The cross sections for the above processes can be estimated by 8 The signal and background analysis for these processes have been done in the MSSM in Refs. [78, 79] . The signal significances for the processes expressed in Eqs. (30) and (31) MSSM are respectively the significances for the gluon fusion process and the bottom quark associated process. These significances evaluated in the MSSM can be converted into those in the THDMs by using the following equations
where L is the assumed integrated luminosity. In the above expression, when m φ 0 is taken in the MSSM given in the case with m A = X. The combined significance is calculated by
and the expected excluded region with the 95% confidence level (CL) is obtained by requiring S comb ≥ 2. In the following analysis, we assume m A = m H and sin(β − α) = 1, and we sum over the processes in Eqs. (30) and (31) In Fig. 9 , we show the expected excluded regions by using Eq. (34) On the other hand, in the Type-X THDM, both the gluon fusion and the bottom quark associated production cross sections are suppressed by cot 2 β as tan β is getting larger, while the branching fraction of φ 0 → τ + τ − increases. Consequently, the cross section times branching ratio takes maximal obtained at tan β ≃ 12, and then m A ≃ 600 GeV can be excluded assuming L = 3000 fb −1 . When L = 300 fb −1 is assumed, the excluded reach is settled to be 500 GeV in the region of 6 tan β 20 in spite of the fact that the cross section has the maximal value at around tan β = 12. This can be understood in such a way that the quoted significance S φ 0 MSSM given in TABLE III is changed at m A = 500 GeV, and the combined significance S comb defined in Eq. (34) cannot exceed 2 even in the case with tan β ≃ 12. This behavior should vanish by the detailed background analysis with smaller intervals of m A .
This result is the updated version of Fig. 1 .20 in the ILC Higgs White Paper [49] . In the previous figure, the excluded regions have been derived by using only one value of the significance for the gluon fusion and bottom quark associated processes with m A = 150 GeV from [78] . In the current version, we use several values of the significance as shown in TABLE III.
If we take sin(β − α) = 1, the contribution from H (A) can drastically decrease, because the branching fraction of the H(A) → τ + τ − mode significantly decreases due to the H → V V and H → hh (A → hZ) modes as seen in Fig. 6 . In such a case, H → ZZ → 4ℓ and A → hZ → bbℓℓ channel can be important instead of the τ + τ − mode. In fact, these searches have been studied with the LHC data [4, 14] . The performance of High Luminosity (HL)-LHC has also been evaluated in Refs. [47] . These results show that masses of ∼ 1 TeV could be explored for 1 − κ V 10 −2 with low tan β 3 [47] . Thus, the parameter space allowed by theoretical consistencies can be fully probed by future LHC data for 1 − κ V 10 −2 .
Next, we consider the Drell-Yan production;
For given values of the masses for H and A, this cross section is purely determined by the gauge coupling constant, so that the cross section does not depend on the type of Yukawa interactions.
When both H and A decay into the tau pairs, the 4-τ final state is obtained. The cross section of the 4τ process can be large in the Type-X THDM as compared to the other three types of THDMs due to the enhancement of the branching fraction of H/A → τ + τ − for large tan β [38] . We thus focus on the 4τ signature from the HA production to test the Type-X THDM in the following.
We estimate the cross-section by using the leading order expression with the CTEQ6L PDFs [77] , where the scale of them are set to µ = m H . The event rates of the HA → 4τ signal are obtained by multiplying the production cross-section by the branching ratios of H and A into τ + τ − . Furthermore, by using the kinematical distributions of the decay products of τ 's which are calculated by PYTHIA [80] and TAUOLA [81] , we estimate the efficiency of detecting the signal events after the acceptance and kinematical cuts given in Ref. [82] for all the final-states lead from the decays of the four τ 's, such as four τ -jets, three τ -jets plus one lepton, etc. The significance for detecting the HA → 4τ process is estimated for a given value of the integrated luminosity, by combining the significance of all the channels where each significance is evaluated as
with s and b being the expected numbers of the signal and background events after the cuts, respectively.
In the right panel of Fig. 9 , the expected exclusion regions are shown on the tan β-m A plane in the Type-X THDM from the pp → HA → 4τ process. The cyan and orange shaded regions are excluded at the 95% CL assuming the integrated luminosity to be 300 fb −1 and 3000 fb −1 , respectively. The search potential is significantly improved for the large tan β regions due to the enhancement of the decay branching ratios of H and A into the τ + τ − final state. For tan β 20, the discovery regions arrive at around m A = 500 GeV for 300 fb −1 , while those arrive at around 700 GeV for 3000 fb −1 .
We note that the τ -jet tagging efficiency shall worsen at the high luminosity run of the LHC, due to the participation of many hadrons in an event which prevent the isolation requirement in the τ -jet tagging procedure [83] . Therefore, the expected significance may be reduced for the channels with high τ -jet multiplicity, since the τ -jet tagging efficiency used in our analysis is based on the PYTHIA simulation; see Ref. [82] . Although we have not studied this issue seriously, it can be important at the high luminosity run of the LHC.
In the end of this section, we would like to mention the direct search potential for H and A in the Type-I and Type-Y THDMs. In Type-I THDM, the Yukawa interactions for the additional Higgs bosons are getting weak for large tan β, so it is difficult to generate new bosons via the Yukawa interaction. In Type-Y THDM, only the down-type quark Yukawa interactions are enhanced by tan β. Since the process pp → HX, AH(H, A → bb) are enhanced for large tan β, the cross section times the branching ratio are constrained [12] . The bounds are much weaker than those from H/A → τ + τ − decay channels in Type-II and Type-X THDMs. The analysis with data for high luminosity running will push these bounds substantially.
Finally, we comment on the constraint from flavour experiments. It is well known that the mass of H ± in the Type-II THDM is severely constrained by the precise measurements of the b → sγ process [35, 36, 84, 85] , where the H ± loops contribute to this process in addition to the W boson loop contribution. A lower bound has been found to be m H + 380 GeV (95% CL) in the Type-II THDM at the next-to-next-to-leading order [85] . In the Type-I THDM, the bound from b → sγ is important only in the case with low tan β; namely, the bound on m H + is stronger than the LEP bound of around 80 GeV [20] when tan β < 2.5 is taken [85] . The Type-Y and Type-X THDMs are received similar constraints as in the Type-II and Type-I THDMs, respectively, because of the same structure of quark Yukawa interactions. Bounds from the other observables such as B → τ ν [86, 87] , τ → µνν [87, 88] and the muon anomalous magnetic moment [89, 90] have been discussed in the Type-II THDM. In Ref. [91] , constraints from various flavour experiments have been studied in the four types of Yukawa interactions of the THDM. Excluded parameter regions are shown on the m H + -tan β plane. The bound on m H + can be converted into that on the masses of neutral Higgs bosons from the electroweak precision data. Although such a constraint can be stronger than that from the direct search as shown in Fig. 9 , it is important to search for additional Higgs bosons independently on the flavour experiments.
Facility LHC HL-LHC ILC500 ILC500-up ILC1000 ILC1000-up √ s (GeV) 14,000 14,000 250/500 250/500 250/500/1000 250/500/1000
Ldt (fb −1 ) 300/expt 3000/expt 250+500 1150+1600 250+500+1000 1150+1600+2500 [50] .
IV. PRECISION MEASUREMENTS FOR THE HIGGS BOSON COUPLINGS AND FIN-GERPRINTING EXTENDED HIGGS MODELS
In this section, we discuss the deviation in the SM- We here define the scaling factors by normalizing the coupling constant of the SM Higgs boson which will be precisely determined by future collier experiments;
These measured values should be compared with corresponding values in extended Higgs models.
In the THDM, κ factors are given at the tree level by
where ξ f h are listed in TABLE II. We also discuss the other extended Higgs sectors with universal Yukawa coupling constants; i.e., κ f for any fermion f are modified as the same way in the end of this section. The scaling factors will be measured accurately at future collider experiments such as the high luminosity running of the LHC (HL-LHC) and the ILC. In TABLE IV, we give a brief summary of expected sensitivities on the (SM-like) Higgs boson coupling constant at various future experiments.
The ranges shown for LHC and HL-LHC represent the conservative and aggressive scenarios for systematic and theory uncertainties. ILC numbers assume (e − , e + ) polarizations of (−0.8, 0.3) at 250 and 500 GeV and (−0.8, 0.2) at 1000 GeV, plus a 0.5% theory uncertainty.
A. Higgs boson couplings in the THDMs
We first consider the deviations in the Higgs boson coupling constants in the THDMs. From V to avoid confusions. The largest contour (LHC20) denotes the current LHC bound at the 68 %CL, where the central values and the correlations are taken from Ref. [62] . We also present the projection at the HL-LHC ( √ s=14TeV) with an integrated luminosity of 300 fb −1 (LHC300) and 3000 fb −1 (LHC3000), where the same central values and the correlations are adopted. The ILC prospects are also shown for ILC250 and ILC500, where the collision energy is 250 GeV and 500
GeV, and the integrated luminosity is 250 fb −1 and 500 fb −1 , respectively. Each of the THDMs predicts quite a different region, which can be discriminated by the precision measurement of the SM-like Higgs boson coupling constants.
We note that through the precision measurement of the branching ratios of the SM-like Higgs
cos α/ sin β sin β cos α − 4 cos β sin α boson, not only the discrimination of the type of Yukawa interaction but also determination of tan β in an indirect way can be accomplished [92] . The later complements the determination of tan β by using additional Higgs boson production directly [93] .
B. Models with Universal Yukawa Couplings
We consider Higgs sectors with a universal shift in the Yukawa coupling constants. Such a situation can be realized in a Higgs sector composed of only one doublet field; e.g., a model with a scalar doublet plus singlets, triplets and higher isospin multiplets, or in a Higgs sector with multi-doublet fields but only one of them giving all the fermion masses; e.g., the Type-I THDM.
In the following, we first discuss the Doublet-Singlet model, the Type-I THDM and the DoubletSeptet model, and then we consider the GM model as models with ρ tree = 1. We note that these extended Higgs sectors can predict larger deviations in the hV V couplings as compared to those in models with ρ tree = 1, because an amount of the deviation depends on an additional VEV whose magnitude is constrained by the rho parameter if it causes ρ tree = 1.
In There are two CP-even scalar states in these three models, and they are mixed with the angle α as
where h 0 and h ext denote the CP-even scalar components from Φ and an additional scalar multiplet, respectively. The h and H fields are the mass eigenstates, and we assume that h is the observed 
where ξ r and χ r are respectively the CP-even scalar components in the Y = 0 and Y = 1 triplet Higgs fields, and H 5 is the neutral component of the custodial SU(2) 5-plet Higgs boson.
In TABLE VI, we list the scaling factors κ f and κ V in terms of α and β in the four models. In the Doublet-Singlet model, κ f and κ V have the same expression cos α, because both the Yukawa interaction and the gauge interaction are originated from the doublet Higgs field, and they are suppressed by the same origin; i.e., the mixing between doublet and singlet fields.
In the Type-I THDM, both the Yukawa couplings and the gauge couplings are suppressed by κ f and κ V , respectively. However, κ f = κ V is generally allowed unlike the Doublet-Singlet model. We have already mentioned in Subsection II A that we can take the SM-like limit by sin(β − α) → 1, where both κ f and κ V become unity. Similar limit can be defined in the Doublet-Singlet model by taking α → 0.
In the GM model and the Doublet-Septet model, the VEV of the additional multiplet affects the electroweak symmetry breaking in a different way from that by the doublet Higgs field; i.e., η ext in the GM model and the Doublet-Septet model are different in the Type-I THDM. As a result, κ V can be larger than 1 (see TABLE VI ). This is a unique feature to identify these models. Furthermore, the limit of κ f → 1 and κ V → 1 is taken by setting β = 0 and α = −π/2 which corresponds to the special case in the Type-I THDM.
In FIG. 12 , we show predictions of the scaling factors κ f and κ V for each value of α and β in the models with universally modified Yukawa couplings. If we vary α and β, a model dependent area (line) is drawn, which is a distinctive prediction of the models. Note that predictions are the same at α = 0 in the Type-I THDM, the GM model, and the Doublet-Septet model. From the current LHC data, the scaling factors are obtained about 20% accuracy at 1σ. It is not sufficient to distinguish these models at this moment. Improvements of the (SM-like) Higgs boson coupling measurements at the HL-LHC and also at the ILC may resolve model predictions.
V. DISCUSSIONS
We here discuss complementarity of precision measurements of the coupling constants of the discovered Higgs boson h and direct searches of additional Higgs bosons at the LHC. In addition, we also discuss the importance of direct searches of additional Higgs bosons at the ILC. A key role is taken by the deviation in the coupling constant of h to weak gauge bosons from the SM prediction, δκ V = 1 − κ V . When non-zero δκ V is found at future colliders, that is identified as an evidence of non-standard effects mainly due to additional Higgs bosons. By combining the theoretical constraints from perturbative unitarity and vacuum stability, we obtain the upper limit of the energy scale where an evidence of non-standard Higgs sectors should appear. We first discuss the complementarity in the THDMs, and then in the other models later.
For δκ V 5%, which is the expected accuracy at the LHC with 300 fb −1 [48] [49] [50] constants have been calculated in Ref. [64] , and those to hff coupling constants have been calculated in Ref. [95] in the THDM. Magnitudes of these corrections due to the additional Higgs boson loops are respectively given to be maximally about 1% and 5% for the hV V and hff couplings under the constraint from perturbative unitarity and vacuum stability. Therefore, the pattern of the deviations in the hff shown in Figs. 10 and 11 does not change even including radiative corrections. However, if the hff couplings are determined with an order of 1% accuracy under the situation where the deviation in hV V couplings are also found, we may be able to determine not only the type of Yukawa interactions but also some inner parameters such as M 2 in the THDMs. In addition to the hV V and hff couplings, one-loop corrections to the hhh coupling is also important whose amount can be significant due to non-decoupling effect of the additional Higgs bosons. In
Ref. [64, 96] , it has been shown that the size of correction can be O(100)% under the constraint from perturbative unitarity [66] and vacuum stability [67] . By studying the correlation among the deviations in the hhh [64, 96] , hγγ [59, [97] [98] [99] and hZγ [99, 100] couplings from the SM predictions, we can extract properties of additional Higgs bosons running in the loop such as the electric charge, the isospin and the non-decoupling nature.
Finally, we mention models other than the THDMs. In the Doublet-Singlet model [58] , both the hV V and hff coupling constants are suppressed by the same factor. Therefore, κ V = κ f < 1 can be an indirect evidence for this model. Detection of an additional CP-even scalar boson, whose
Yukawa and gauge interactions are given only from the mixing with the doublet Higgs field, can be a direct search for the model. The GM model [22] and the Doublet-Septet model [59] [60] [61] have a unique pattern of the deviation in the Higgs boson couplings; namely, κ V can be larger than unity [61] , which is a crucial property to identify these models. In addition, multi-charged; e.g., doubly-charged, Higgs bosons can significantly contribute to the deviation in the loop induced hγγ and hZγ couplings. When multi-charged scalar bosons are discovered, it can be a direct test of these models. Phenomenology of such additional scalar bosons has been discussed in the GM model [101] [102] [103] and in the Doublet-Septet model [104] at the LHC. Measuring the H ± W ∓ Z vertex [73, 74] is also an important probe as discussed in Subsection II C.
In this paper, we concentrate on the models with ρ tree = 1. However, we here shortly comment on the Higgs Triplet Model (HTM) as an important example for models with ρ tree = 1, because it is deduced from the type-II seesaw mechanism [105] . In the HTM, although deviations in the hV V and hff couplings cannot be so large due to the constraint from the rho parameter, those in the loop induced hγγ [106] [107] [108] [109] and hZγ [107] [108] [109] couplings can be significant by the doublycharged Higgs boson H ±± loop. The one-loop corrections to the hhh coupling can also be large as calculated in Refs. [27, 110] due to the non-decoupling effect of additional Higgs bosons similarly to the THDM. The correlation among the deviations in the decay rate of h → γγ and the hhh coupling constants 9 from the SM values have been investigated in Ref. [27] . Direct search for H ±± can be an important clue to test the model with the Y = 1 triplet field, which can decay into the same-sign dilepton [111] [112] [113] [114] [115] [116] and the same-sign diboson [117, 118] depending on the magnitude of the triplet VEV 10 .
VI. CONCLUSIONS
We have discussed the determination of the extended Higgs sector by combining the direct and The deviation in the hhh coupling at the tree level is much suppressed by the triplet VEV similar to the hV V and hff as mentioned in the above. 10 If there is a mass difference between H ±± and the singly-charged scalar components, the cascade decay of H ±± associated with the W boson is possible [119] . we have to keep in mind that there exists a decoupling limit in extended Higgs sectors in the limit of δκ V → 0, where the SM is a good description as a low energy effective theory up to much higher scales than the electroweak scale. On the other hand, if a relatively large deviation of δκ V is observed, the mass scale of the additional Higgs bosons is bounded from the above by using the argument of perturbative unitarity and vacuum stability, so that the direct discovery of them can be highly expected. If a small deviation is observed at the ILC, the direct discovery of the additional Higgs boson can be difficult. Even in such a situation, the fingerprinting of the SM-like
Higgs boson couplings can be a solid and powerful tool to explore the extended Higgs sector.
